The application of the spin-echo small angle neutron scattering ͑SESANS͒ technique for structural characterization of interacting colloidal suspensions is considered in this work. The framework to calculate the theoretical SESANS correlation function is briefly laid out. A general discussion regarding the features of the SESANS correlation functions obtained from different model systems is presented. In comparison with conventional elastic scattering tools operating at the same length scale, our mean-field calculations, based on a monodisperse spherical colloidal system, show that the real-space measurement provided by SESANS presents a powerful probe for studying the intercolloid potential. The reason of this sensitivity is discussed from the standpoint of way, in which how the spatial correlations are manifested in different neutron scattering implementations. This study leads to a better understanding regarding the distinction between SANS and SESANS.
I. INTRODUCTION
Elastic neutron scattering techniques, including small angle neutron scattering ͑SANS͒ and neutron reflectivity, have provided important information about nanoscale structure.
1,2 Traditionally, the scattered/reflected neutron intensity renders the structural information in reciprocal space and the maximum length scale is determined by the minimum accessible momentum transfer Q. With this approach, structural investigation of materials with characteristic length scales larger than few thousand of angstroms requires tight collimation of the incident and reflected neutron beams and a narrow wavelength spread to access the very small momentum transfer. Inevitably, these optical conditions lead to a significant loss of intensity. Consequently, the noninvasive structural characterization at the mesoscopic length scale, especially for soft matter study, remains the territory of light scattering and optical microscopy. 3 Encoding of neutron momentum transfer by spin echo, first proposed by Pynn and Mezei, 4 presents an alternative method for the direct structural determination at large ͑thou-sands of angstroms͒ length scales without the huge loss of intensity encountered when using conventional methods. This technique is based on the Larmor precession of polarized neutrons in magnetic fields configured to encode the scattering angle of the neutron in the precession of the neutron spin without the need for defining separately the directions of the incoming and the scattered beams. The measured polarization as a function of the spin-echo length gives the spatial correlation of probed materials from a few nanometers to some microns with a significant enhancement in intensity and resolution over what is currently possible. 5, 6 The use of divergent neutron beams, free from tight collimation and monochromatization of the incoming or scattered beams, renders a beam intensity that can be orders of magnitude higher than those of the traditional elastic neutron scattering tools measuring comparable length scales. 7 The most salient feature of this novel scattering technique is that spin-echo encoding of the scattering vector gives a function related to the pair spatial correlation function in real space, 7 in contrast to the conventional elastic scattering techniques which register the structural information in reciprocal space. 8 This spin-echo small angle neutron scattering ͑SESANS͒ real-space correlation function, denoted as G͑z͒, is obtained by measuring the change in the polarization P͑z͒ of scattered neutrons, where z is the spina͒ Author to whom correspondence should be addressed. Electronic mail: chenw@ornl.gov.
echo length, dependent on the wavelength of polarized neutron beam, magnetic field strength, magnetic coil length, and tilt angle. 7 It is important to note that in comparison with the small angle coherent scattering cross section, which is known to be the Fourier transform of the two-point spatial density-density correlation ␥͑r͒, namely, the Debye correlation function, 9, 10 G͑z͒ is found to relate with ␥͑r͒ via an Abel transformation due to the action of spin echo. 6 This new SESANS technique has been applied to several structural investigations of soft matter systems. 6 These focus on relating the experimentally measured G͑z͒ to the corresponding structural properties of noninteracting dilute colloidal solutions consisting of particles with different simple geometries. 6 On the other hand, for research in colloidal science, considerable effort has been devoted to understanding the manner in which interactions between individual colloids in real solutions affect various thermodynamical properties. 11 Considering the fact that numerous applications of colloids will require concentrated solutions, understanding the interaction effect and phase behavior of this class of solutions is of significant scientific and industrial importance. From the theoretical perspective, the basis for understanding the equilibrium properties of soft matter, in general, and colloidal suspensions, in particular, is the pair distribution function g͑r͒, which gives the probability of finding a particle at the distance r from a reference. 12 Calculating a specific form of g͑r͒ begins by hypothesizing the interaction between the constituent particles. However, in general, to avoid the complicated problem of treating the constituent components of the whole colloidal systems individually, the statistical mechanical description of general colloidal systems is simplified by means of the one-component model ͑OCM͒, in which the colloids are considered as gas of solute particles immersed in a continuous background. The effective interaction potential V͑r͒ is derived by integrating out the degrees of freedom of small solvent molecules onto the dimension of the colloidal particles in a coarse-grained manner. The colloidal phenomena are described by the g͑r͒ calculated from the Ornstein-Zernike ͑OZ͒ equation together with an additional closure equation whose validity depends on the different mathematical expressions of V͑r͒.
Most of the contemporary knowledge regarding the structural properties of colloidal suspensions is the results of scattering experiments. For example, light scattering has been used to render the structural information of colloidal suspensions. [13] [14] [15] It is not a surprise that the idea concerning identification of intercolloidal interaction via SESANS measurement has been explored on an operational length scale comparable to that of static light scattering. 16 A recent effort of Krouglov and co-workers, 17 concerning sterically stabilized silica spheres suspended in deuterated cyclohexane in which the excluded volume repulsion is the central feature of the colloidal interaction, was a first proof-of-principle demonstration. Within the concentration range where the colloidal interaction can be well approximated by a pairwise addition of an excluded hard sphere ͑HS͒ repulsion, the measured G͑z͒ is seen to be in a satisfactory quantitative agreement with the result of model calculations based on a integral equation approach proposed earlier by Glatter. 18 In the course of exploiting the scientific merits of SESANS for colloidal structural characterization, it becomes clear that it is essential to evaluate the extent to which the SESANS spectral measurements reflect more complex, underlying intercolloidal interaction features in a quantitative manner. However, except a preliminary study, 19 a systematic effort does not exist.
Driven by this motivation, our treatment focuses on simple systems, primarily those involving monodisperse spherical colloids with well-defined intercolloidal interactions. We present calculations of G͑z͒ including models corresponding to steric repulsion, depletion and van der Waals attractions, screened Coulomb ͑SC͒ repulsion, and two Yukawa ͑TY͒ potentials, within the concentration range where the validity of the various statistical mechanical models for determining structural properties has been rigorously tested against the corresponding computational simulations. In this work, we seek to establish a broad understanding, through identifying G͑z͒ calculated from our mean-field models, regarding the unique advantage of SESANS new for structural characterization of concentrated colloidal suspensions. In addition to elucidating the effect of interaction potentials on the spectral features of SANS and SESANS, an important aspect of this work is to build the theoretical framework required in calculation of the SESANS spectra.
This paper consists of several sections. Section II is to lay out the theoretical framework in the calculation of the novel SESANS spatial correlation function, including a discussion of the methodology used to calculate G͑z͒ corresponding to various mathematical models of the intercolloidal interactions. Section III introduces the various approximations used in the integral equation approach to obtain the g͑r͒ from the colloidal suspensions. The G͑z͒, calculated from the corresponding g͑r͒, are presented in Sec. V. This paper concludes with a brief summary.
II. SESANS SPATIAL CORRELATION FUNCTION G"z…
The working mechanism of the SESANS technique is thoroughly described in a series of papers. 20 Here we briefly summarize the fundamental principle, followed by the definition of Kruglov: 21 The experimental measurable of the current SESANS setup is the variation in the polarization of a neutron, P͑z͒, which can be analytically expressed, with certain approximations, as a scattered function of a more convenient quantity coined as the SESANS spatial correlation function G͑z͒. 22 The relationship can be explicitly written as
where P͑ϱ͒ is corresponding to the base line of SESANS spectra at large z. For high enough particle densities, G͑z͒ consists of spatial correlations at both intraparticle and interparticle levels. It is important to note that the interparticle correlation is associated with the pair correlation function of g͑r͒ of a liquid. 23 In conventional elastic neutron scattering, the measured coherent scattering cross section ͑Q͒ is known to be the Fourier transform of the two-point spatial density-density correlation, namely, the Debye correlation ͑or autocorrelation͒ function ␥͑r͒. 9, 10 For general isotropic fluids, ␥͑r͒ takes the following form:
where ͑r ជ͒ is the scattering length density at position r ជ, ⌬͑r ជ͒ is the density fluctuation relative to the average scattering length density of the sample, V is the sample volume, and ͗ ͘ denotes the ensemble average. In other words, the mean scattering density ͗͘ is given by
where
Due to the action of spin echo, G͑z͒ is found to be related to ␥͑r͒ via an Abel transformation, which projects the threedimensional scattering signal related to ␥͑r͒ onto the onedimensional SESANS spatial correlation function G͑z͒,
where is the correlation length, namely, the projection of the correlation function,
It is instructive to calculate the Debye correlation function ␥͑r͒ prior to computing G͑z͒. In the case of isotropic interaction, it is known that the ␥͑r͒ for an assembly of diffusing monodisperse spheres can be expressed as the collective contribution, 10, 21 
where a is the distance between two particles, g͑r͒ is the pair correlation function ͓note that r is replaced by the dummy variable a in Eq. ͑7͔͒, and is the volume fraction of particle and R the particle radius. In Eq. ͑7͒, the first term on the right hand side originates from the self-correlation within a single particle, and the two-particle autocorrelation function can be further divided into two parts, including the contribution due to the exclusive shadowing effect ͑the second term͒ and interparticle correlation ͑the third term͒. Both ␥ ovl ͑r , a͒ and ␥ cross ͑r , a͒ are non-negligible as interactions become important. The analytical expressions of ␥ auto ͑r͒, ␥ ovl ͑r , a͒, and ␥ cross ͑r , a͒ for spherical objects have been previously derived. 18 ␥ ovl ͑r , a͒ and ␥ cross ͑r , a͒ are obtained by treating any two particles in a liquid as a dumbbell. With these quantities, ␥͑r͒ can therefore be analytically calculated if the pair distribution function g͑r͒ is known. Alternatively ␥͑r͒ can be calculated numerically with the same level of quantitative accuracy.
It is noted that a new challenge arises in order to further the calculation from the Debye correlation function to the SESANS correlation function. In Appendix A, we extend the "dumbbell model" and formulate the general procedure that allows us to calculate the SESANS correlation function for both one-and two-component simple fluids needed in this work.
In short, via Eq. ͑5͒, the Abel component of Eq. ͑7͒ is found to be
where is the colloidal volume fraction. As an example, the G͑z͒ corresponding to a HS colloidal suspension with volume fraction of 0.2 and radius of 130 nm is presented in Fig.  1 . G͑z͒ is decomposed as the linear combination of three different functions attributable to the corresponding spatial correlations. The present work addresses the expressions for the SESANS correlation functions G͑z͒ of various interacting colloidal suspensions with finite concentrations, which can be applied in the analysis of experimental data. In our calculations, the focus is placed on understanding the dependence of G͑z͒ on the specific form of the intercolloidal interaction potential.
III. CALCULATION OF THE PAIR DISTRIBUTION FUNCTION g"r…
For a given microstructure of a homogeneous colloidal suspension, a viable theory for calculating its g͑r͒ with a given effective potential is the OZ equation, 12, 24 h͑r 12 ជ͒ = c͑r 12 ជ͒ + n ͵ dr 3 ជc͑r 13 ជ͒h͑r 32 
ជ͒, ͑9͒
where h͑r͒ = g͑r͒ − 1 is the total correlation function for two particles separated by the distance r, c͑r͒ is the direct correlation function, and n is the number density. h͑r͒ consists of two parts: the direct correlations between particles 1 and 2 measured by c͑r 12 ជ͒, and the indirect correction function that is convolution of total correlation function and direct correlation function. Equation ͑9͒ is a recursive equation and can be expanded as h = c + c ‫ء‬ c + c ‫ء‬ c ‫ء‬ c ,..., where ‫ء‬ denotes convolution. This expression indicates that the pair correlation function between any two particles is influenced by the remaining particles in liquid, and can be calculated by propagating the direct correlation through the surrounding particles. In general, the direct correlation function c͑r͒ is also unknown. In order to make use of OZ equation for structural calculations, a second relation between h͑r͒ and c͑r͒ is needed. The so-called closure equation can be obtained via the expansion of the free energy in the excess particle density,
where V͑r͒ is the interaction potential and b͑r͒ is named the bridge function, and is a collection of elementary diagrams related to some higher order correlations. The indices are omitted for clarity. Hypernetted chain ͑HNC͒ closure, which is well suited for long-ranged Coulombic systems, is obtained by neglecting b͑r͒ in Eq. ͑10͒,
Expanding the factor exp͓h͑r͒ − c͑r͔͒ to linear order one finds another commonly used Percus-Yevick ͑PY͒ closure, which gives satisfactory structural description for a system interacting via an effective short-range attractive or HS potential,
Further linearization of the exponential term in Eq. ͑12͒ gives the mean spherical approximation ͑MSA͒,
MSA is a popular closure among theoretical works due to its mathematical simplicity. Moreover, the thermodynamic inconsistency introduced by the approximation of Eq. ͑10͒ can be removed by using a composite closure which mixes HNC and PY closures in a manner requiring the compressibility pressure to be identical to that obtained from the virial equation of state,
and the empirical form of the mixing function f͑r͒ is found to be
where ␣ is determined from the thermodynamic consistency requirement. Evidenced by the corresponding simulation studies, this celebrated Rogers-Young ͑RY͒ closure is seen to work well for general repulsive systems, regardless of the detailed potential features. 26 To minimize the influence of the numerical error introduced by the many-body interaction, which is not incorporated in the statistical mechanical model, the colloidal volume fraction is set at a constant value of 0.2. Moreover, the G͑z͒ generated from the g͑r͒ based on different closures, suitable for their corresponding interaction potential models and valid in this concentration, will be presented along with that of the HS system in a comparative manner.
IV. POTENTIAL MODELS
In the physical picture of OCM, the theoretical calculation of the structural and thermodynamical properties of any given colloidal suspensions requires the appropriate description of the intercolloidal interaction potential. Prior to the calculation of various correlation functions it is instructive to briefly describe the potential models commonly encountered in structural characterization of general colloidal suspensions. Figure 2 presents the potential models used in our calculation. These potential models embrace the current experimental and theoretical interests in colloidal systems, and enable a systematic study regarding the spectral behavior of liquid particles interacting through short-and long-range potentials as well as their competition. The simplest potential model is the HS potential ͓Fig. 2͑a͔͒, namely,
where R is the radius of the colloid. Experimentally, the HS can be prepared by using refractive index matching solvents. One example of HS colloidal systems is sterically stabilized polymethylmethacrylate particles dissolved in organic solvents such as dodecane or cis-decalin. 13 Moreover, with the presence of a nonadsorbing smaller particle in the HS system, an additional effective attraction, due to the osmotic pressure caused by the secondary particles, can be introduced between the colloids along with the excluded volume repulsion given in Eq. ͑16͒. A mathematical expression of this effective potential is
where u is the attractive strength and is the width of the attractive well. Several models have been developed to express u and as the function of the volume fraction of the free smaller particles in the colloidal dispersion. 13 It is approximated by an adhesive hard sphere ͑AHS͒ potential, which consists of the excluded hard core and a attractive square well, 27 in our calculation for the sake of mathematical simplicity. In spite of its simplicity, AHS model accounts for the short-ranged attractive tail between spherical objects besides their excluded volume interaction, which has been applied to explain colloidal particles and nonionic micellar solutions by Menon, 28 for example. A schematic representation of this potential with u =2k B T and = 0.02R is given in Fig. 2͑b͒ .
The classical Derjaguin-Landau-Verwey-Overbeek ͑DLVO͒ theory provides an analytical expression for precise description of the electrostatic forces exerted by charged spherical colloidal particles, such as charged polystyrene spheres and latex particles. It explains the stability of highly charged colloidal systems based on the assumption that the primary interactions between two particles consist of the SC repulsion and attractive van der Waals dispersion forces, which arises from instantaneous fluctuations in the colloidal electron distributions. At low ionic strength, the SC repulsion ͑or repulsive Yukawa potential͒ dominates at all distances. Note that as a matter of fact, the Yukawa potential can function as a repulsive or an attractive interaction. The electrostatic part of the DLVO potential takes the repulsive form, whereas the attractive Yukawa potential is useful to quantitatively depict the short-range attraction between colloids. 29 As the example given in Fig. 2͑c͒ , it is specified by the 
Calculated small angle coherent scattering cross sections I͑Q͒ of colloidal suspensions with different potential models displayed in Fig. 2 , along with the form factor P͑Q͒ ͑dotted lines͒ and the structure factor S͑Q͒ ͑dashed lines͒. In this calculation, the colloidal volume fraction is set at a constant value of 0.2. The corresponding potential parameters used in the calculation are also presented.
The interaction potential models used in the calculation of this study. ͑a͒ HS potential, ͑b͒ AHS potential, ͑c͒ SC repulsion, and ͑d͒ TY potential. 
where K 1 is the interaction strength, normalized by thermal energy k B T and the normalized interaction range, namely, the screening length, is given as Z 1 −1 , which is the function of the ionic strength of the medium. Moreover, the dispersion force can be revealed when the long-range Coulomb repulsion is properly adjusted by tuning the ionic strength. With the presence of a suitable amount of salt in the system, the effective potential in our calculation is given by the following approximation:
where the second Yukawa potential with opposite sign of the interaction strength is used to represent the short-range attraction, whose detailed mathematical expression is described elsewhere. 11, 32 One example of this TY potential is displayed in Fig. 2͑d͒ .
V. RESULTS AND DISCUSSION
To provide the basis for comparison and demonstrate the difference between SESANS and conventional elastic techniques in exploring the intermolecular interaction, the normalized coherent scattering cross section at small angles, ͑d⌺ / d⍀͒͑Q͒, which is also commonly denoted as the absolute intensity I͑Q͒, is calculated based on the potential models listed in Sec. IV. To avoid irrelevant mathematical complexity, a system of monodisperse spherical colloids with a uniform intraparticle density profile is chosen in our calculation. With this approximation, theoretically the corresponding I͑Q͒ can be further factorized and is found to be proportional to the particle density and the product of the form factor P͑Q͒ and the structure factor S͑Q͒, 33 where P͑Q͒ is the Fourier transform of the molecular density profile ͑r͒, which corresponds to the autocorrelation of a single particle. In the case of a homogeneous sphere with radius of R, P͑Q͒ takes the familiar analytic expression,
S͑Q͒ is the particle center-to-center spatial correlation function, which is related to g͑r͒ by the exact result for an isotropic homogeneous system,
Aside from dealing with the scattering contribution from the usually unavoidable factors, such as polydispersity and anisotropic interaction, the main goal of a general small angle scattering experiment, either neutron, x ray, or light, is to determine separately the P͑Q͒ and the S͑Q͒. Calculated curves for P͑Q͒, S͑Q͒, and I͑Q͒ based on potential models are presented in Fig. 3 . The scaling factor of I͑Q͒ which is a function of the colloidal number density and contrast with the surrounding solvent is set to be unity. Due to the rapid decay of P͑Q͒, it is seen that the resulting I͑Q͒ are all characterized by a single peak manifesting the first order correlation peak of S͑Q͒. For the attraction dominated potential, such as AHS in Fig. 3͑c͒ , a rise of I͑Q͒ at small wavevector emerges, whereas for other repulsion dominated potentials, I͑Q͒ shares the common feature consisting of the prominent correlation peak. These results suggest that repulsive and attractive molecular forces may be discernible if the instrumental resolution allows resolving scattering signals at sufficiently small angles. From the technical standpoint, except in some special cases such as SANS studies of the isotopically labeled colloids with deuterated molecular periphery dissolved in properly matching solvent, we note that the higher order correlation peaks of S͑Q͒ are generally invisible if the resolution of instrument is taken into consideration. Due to this constraint, the precise characterization of the colloidal phase behavior by conventional elastic scattering technique often requires complementary experimental means to provide the details of the interactions. 34 In comparison with the I͑Q͒ delivered by small angle scattering experiment, the structural information contained in G͑z͒ measured by SESANS is largely preserved due to the fact that it is reflected in the superposition of the hierarchical spatial correlations, as evidenced by Fig. 1 . Appendix B gives another example to further support this argument. As will be discussed in Sec. VI, we intend to explore this unique feature of SESANS for structural characterization of concentrated colloidal suspensions using our model potentials. The calculation of the single component HS system, presented in Fig. 1 , is further extended to study the binary mixture of HSs with large asymmetry in particle size. In the context of using the synergistic scattering/integral equation approach to extract the microstructure and thermodynamics of colloidal suspensions, the binary colloidal system is modeled as a bidisperse mixture of large HSs with radius R 1 and smaller second HSs with radius R 2 . In the structural calculation of this system, a numerical closure developed by Roth and Kinoshita 35 is chosen over the commonly used PY one [36] [37] [38] to generate the g͑r͒ from the OZ equation. The justification of this choice is given in Appendix C. The dependence of the partial SESANS correlation function of particle 1, G 11 ͑z͒, on the volume fraction of the smaller particle 2, 2 ,is given in Fig. 4 . In our calculation, the volume fraction of particle 1, 1 , is fixed at a constant value of 0.2 and its radius is set as 130 nm in the calculation. The ratio of R 2 / R 1 is set to be 0.2. It is clearly seen that with an increase in 2 from 0 to 0.27, G 11 ͑z͒ exhibits a continuous increase in magnitude within the range of correlation lengths around 1 Ͻ z / R Ͻ 3. Note that at the strongest interaction strength u =3k B T, the G͑z͒ is the region becomes greater than zero, which may provide a convenient mean to identify the attractive intermolecular force in a colloid liquid. According to Eq. ͑8͒, such a trend can be attributed to the increasingly large G 11struct ͑z͒, as indicated in the inset, originating from the entropy-driven osmotic depletion attraction between particles 1 due the presence of particles 2.
In a neutron scattering experiment, this binary colloidal mixture can be further considered as a one-component solution of particle 1 by eliminating the coherent scattering contribution from particle 2 by means of deuteration or increasing size asymmetry to a sufficient level. In other words, theoretically such a colloidal system can be alternatively viewed as the colloidal suspension whose interaction potential is composed of an excluded volume repulsion and an additional short-range attraction, as shown in Fig. 2͑b͒. Figure 5 presents the calculated G͑z͒ based on the AHS model 27 with = 0.2, radius R = 130 nm, and the attractive width = 2.6 nm, with aims at mimicking the attractive depletion force at a qualitative level. Upon strengthening the attraction from 0k B T, namely, the interaction of pure excluded volume repulsion, to 3k B T, the evolving qualitative features of figure G͑z͒ are consistent with the progressively enhanced local structuring revealed in Fig. 4 . In contrast to the work by Uca et al., 39 we carry out the numerical iteration to compute the pair correlation function by using the PY-integral equation theory without making further approximations. Despite the normal behavior of the structure factor S͑Q͒, calculated based on a model proposed by Menon et al., 28 in the intermediate Q range of 2QR Ͻ 25 ͓Fig. 6͑a͔͒, it exhibits an excess oscillation in magnitude in high Q range ͓Fig. 6͑b͔͒, which, in general, is not accessible by the current conventional elastic scattering technique due to the aforementioned combined effect of instrument resolution and rapid decay of P͑Q͒. This oscillation is found to render a singular point in the corresponding pair distribution function g͑r͒ ͓Fig. 6͑c͔͒. This artificial divergence is further reflected in the decline in the associated G͑z͒ ͓Fig. 6͑d͔͒ in comparison with the G͑z͒ of HS system with the same volume fraction. We consider next the dependence of G͑z͒ on the strength of electrostatic repulsion between the charged colloids. Assuming a uniform charge distribution on the colloidal surface, the premise of this calculation of the OZ/RY approach is that the intercolloidal interaction is dominated by the SC repulsion while the excluded volume repulsion and dispersion attraction play no role in determining the colloidal structure. Figure 7 gives the evolutions of G͑z͒ and G struct ͑z͒ as a function of the repulsive strength with a fixed screening length Z 1 −1 = 0.5. It is noticed that as the repulsive strength K 1 is progressively increased from 0k B T to 6k B T, both G͑z͒ and G struct ͑z͒ develop an increasingly pronounced oscillation, within the calculated range of z, corresponding to the correlation length which is experimentally accessible. This observation is attributed to the enhancement in the degree of local ordering due to the increase in electrostatic repulsion. It is important to point out that, in the previous theoretical 39 and experimental 17 studies of HS colloidal systems, the evolution of G͑z͒ upon increasing the colloidal concentration is seen to exhibit similar qualitative features to the dependence of G͑z͒ on increasing K 1 calculated based on our model of repulsively interacting charged colloids. The feasibility of describing the structural characteristics of the charged colloidal system using an equivalent HS model has been explored in great detail: With the rescaled effective radius R eff , which is larger than the original radius R of the charged colloidal particles, the OZ/PY/HS model is seen to reproduce the chargestabilized colloidal structure in a quantitatively satisfactory manner. [40] [41] [42] [43] Therefore, the similarity between our finding presented in Fig. 7 and the conclusion of previous works 17, 39 is hardly a surprise. A series of calculated spatial correlations, based on the potential model of Eq. ͑19͒, is presented in Fig. 8 . In comparison with the G͑z͒ calculated from the potential model of Eq. ͑18͒ for the purely repulsive charged system ͑denoted as solid line͒, with the presence of the short-range attraction, the interplay between these two opposite forces renders a less pronounced oscillation in G͑z͒ due to the competition of the constituent colloids between the clustering structure and the monomeric one. Moreover, similar to the cases presented in Figs. 4 and 5, the peak value of G struct ͑z͒ given in the inset is seen to shift to a smaller value of z upon increasing attraction, manifesting a greater probability of finding two different colloidal particles at a smaller separation. This strengthening short-range correlation is also reflected in the corresponding G͑z͒, which exhibits a considerable enhancement in magnitude within the range of 1 Ͻ z / R Ͻ 2, and the value of G͑z͒ in this region is above zero for the strongest attractive force K 2 =5k B T.
VI. CONCLUSIONS
The primary aims of this study are twofolds: ͑1͒ laying out the theoretical framework in calculating the SESANS correlation function; ͑2͒ exploring the prospect of applying the recently developed SESANS technique for structural characterization of interacting colloidal suspensions. The measured SESANS spatial correlation functions G͑z͒ are calculated from a standard statistical mechanical mean-field models, based on the OZ integral equation with different potential models and associated closures. A simplified system consisting of monodisperse spherical colloids with isotropic interaction is used in this theoretical study.
For conventional elastic scattering techniques, the measured scattered intensity I͑Q͒, namely, the Fourier transform of ␥͑r͒, gives structural information about concentrated colloidal suspensions as the product of the intracolloidal structure factor P͑Q͒, a single-particle property, and the intercolloidal structure factor S͑Q͒, a statistical mechanics property. This inherent constraint often hampers the precise reconstruction of the colloidal microstructure from the experimen- 
φG struct (z) tal spectra due to the rapid decay of P͑Q͒. G͑z͒, the realspace formulation of the Debye correlation function ␥͑r͒ via the Abel transform on the other hand, renders the structural information as a linear combination of correlation functions corresponding to an associated spatial hierarchy. Due to this unique features, SESANS displays high sensitivity to the intercolloidal forces, as repeatedly evidenced by the distinct features of calculated G͑z͒ corresponding to various potential models. Combining this with its other features, such as wider probing range in comparison to the general static light scattering technique, the ease of incorporating multiplescattering effects 6 and significantly improved flux due to the implementation of spin echo, high penetration capability, and highlighting the structure by means of contrast variation or isotopically labeling with the use of neutrons, SESANS presents a critical complement to the current elastic scattering tools for structural characterization of soft matter, in general, and interacting colloidal suspensions, in particular, from the aspect of quantitative precision.
In addition to idealized colloidal potentials models used in our calculation, some other issues are commonly encountered among interacting colloidal suspensions of technological importance, including usually polydisperse with oddly shaped components and sometime features such as nonuniform particle density. These uncharacterized factors will be considered in our future computational and theoretical works. 
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APPENDIX A: COMPARISON OF THE ANALYTICAL AND NUMERICAL SOLUTIONS OF THE SESANS CORRELATION FUNCTION FOR DUMBBELLS
From the theoretical aspect, in a many-particle system, any two particles can be viewed as a single dumbbell. The Debye correlation function ␥͑r͒ for the binary colloidal mixture, consisted of large HSs with radius of R 1 and smaller HSs R 2 , can therefore be derived accordingly in an analytical manner,
where p͑r͒ is the pair distance distribution function for dumbbells with two HSs separated by a distance a whose mathematical expressions are known. 18 V 1 = ͑4 / 3͒R 1 3 and V 2 = ͑4 / 3͒R 2 3 are the volumes of the large HSs and the small ones, respectively. The SESANS correlation function for the excluded volume and the structure correlation function are the Abel transformation of the corresponding Debye correlation functions,
and the Debye correlation functions are the integration of the correlation of the overlapped volume and the cross correlation in the corresponding region, respectively. For spherical particles,
During the numerical integration of the Abel transformation, a singular point may be imported when r approaches z, so in order to avoid the error in numerical calculation, the sequence of integral is exchanged in our calculation,
͑A6͒
Depending on the relevant region of integration, the SESANS correlation functions, for the overlapped volume G ovl ͑z , a͒ and the cross correlation function G cross ͑z , a͒, are found to take the following analytical forms:
where 
Equations ͑A7͒ and ͑A8͒ can be conveniently solved in spherical coordinates by replacing r with z sec . Moreover, ␣ and ␤ give the lower and upper limits of the integration region, where the specific G ovl ͑z , a͒ and G cross ͑z , a͒ are corresponding to. Alternatively, ␥͑r͒ can also be calculated numerically based on its definition as the two-point correlation of density fluctuations ⌬͑r ជ͒ϵ͑r ជ͒ − ͗͑r ជ͒͘,
It is straightforward to see that for an isotropic system, Eq. ͑A9͒ can be further simplified by setting ␥͑r ជ͒ = ␥͑r͒. The corresponding G͑z͒ and the hierarchical components obtained from the analytical expression ͑denoted by solid lines͒ and numerical solution ͑denoted by symbols͒, presented in Fig. 9 , are in close agreement with each other. It is important to point out that as found in nature, colloidal dispersions are, in general, polydisperse in size distribution, elongated, even flexible in shape. Given this increasing complexity, the analytical equation approach is unable to characterize such systems with sufficient accuracy in terms of tractable mathematics. The advantage of the numerical approach is reflected in its ability to bypass the inherent limitation of its analytical method and provide an alternative but equally accurate method for structural characterization for any general system with the minimum amount of extra approximations.
APPENDIX B: ISSUES ABOUT THE STRUCTURAL CHARACTERIZATION OF METALLIC SYSTEMS
There have been several models of S͑Q͒ proposed to describe the spatial correlations of the spherical precipitates forming in the matrix of superalloy systems, including the HS potential 44 and a phenomenological model, which circumvents the problem concerning the ill-defined interprecipitate potential resulting from the validity of the OCM due to the motionlessness of precipitates. 45 As a result, both calculated interprecipitate structure factors S͑Q͒ show nearly identical quantitative features around the first interaction peak region, except for a slight disagreement in the peak position. The major difference between these two models, as indicated in Fig. 10 , is reflected in the higher order correlation peaks of S͑Q͒, which cannot be revealed by the corresponding I͑Q͒ ͑inset of Fig. 10͒ because of the behavior of P͑Q͒. Further considering the smearing effect due to the size polydispersity the instrument resolution, it is expected that both models would give equally satisfactory fits of the small angle scattering data.
In contrast, within the correlation length scales experimentally accessible by SESANS, the corresponding G͑z͒, presented in Fig. 11 , obtained from these two models indeed show easily discernible qualitative differences. This distinct difference provides another example of the unique sensitivity of SESANS to the interparticle interaction, which cannot be achieved using conventional scattering tools.
APPENDIX C: PARTIAL STRUCTURE FACTOR OF BINARY HARD SPHERE MIXTURE
On the basis of the exact solution of the PY closure, the resulting partial structure factor S ij ͑Q͒ ͑i , j =1,2͒ of this model system calculated from the OZ equation are analytically expressed as
FIG. 9. Numerically and analytically calculated G͑z͒ of a binary mixture system. The symbols of square ͑autocorrelation function͒, circle ͑the correlation function of excluded volume͒, and triangle ͑structure correlation function͒ represent the numerical solutions, while the solid lines are the analytically calculated results. For the sake of clarity, the ratio of number density n 2 / n 1 is set to be 1 and the size ratio R 2 / R 1 = 0.9. 1 is kept at fixed value of 0.2. For the contribution from the interaction between particles, 1-1 denotes the interaction among the large particles, 2-2 is the interaction within the small ones, and 1-2 is the interaction between the large and small ones with the effective volume fraction 12 = ͱ 1 2 . This agreement promises the prospect of numerically calculating the G͑z͒ corresponding to the mathematically intractable complex systems, such as concentrated colloidal suspensions consisting of particle with nonuniform density profile and irregular shape. S 11 ͑Q͒ = 1 − n 2 C 22 ͑Q͒ 1 − n 1 C 11 ͑Q͒ − n 2 C 22 ͑Q͒ + n 1 n 2 C 11 ͑Q͒C 22 ͑Q͒ − n 1 n 2 C 12 2 ͑Q͒ , S 22 ͑Q͒ = 1 − n 1 C 11 ͑Q͒ 1 − n 1 C 11 ͑Q͒ − n 2 C 22 ͑Q͒ + n 1 n 2 C 11 ͑Q͒C 22 ͑Q͒ − n 1 n 2 C 12 2 ͑Q͒ , ͑C1͒
S 12 ͑Q͒ = ͱ n 1 n 2 C 12 ͑Q͒ 1 − n 1 C 11 ͑Q͒ − n 2 C 22 ͑Q͒ + n 1 n 2 C 11 ͑Q͒C 22 ͑Q͒ − n 1 n 2 C 12 2 ͑Q͒ , where C ij ͑Q͒ is the Fourier component of c ij ͑r͒ and n i is the number density of species i. C ij ͑Q͒, and therefore S ij ͑Q͒, can be further expressed explicitly as a function of particle size and the volume fraction of the constituent components. Details of the derivation can be found elsewhere. [36] [37] [38] Alternatively S ij ͑Q͒ of the binary colloidal mixture can be calculated with the closure in which the bridge function b͑r͒ in Eq. ͑10͒ is incorporated using the following expressions: 
· ͑C2͒
The validity of this numerical scheme for the asymmetric mixture has been rigorously tested against the density functional theory with quantitative agreement over a wide range of packing fraction and particle size. 35 The partial structure factor of the first phase ͑large particles͒ in the binary mixture, S 11 ͑Q͒, is presented in Fig. 12 . The reference single component HS structure factor with volume fraction = 0.2 is also displayed ͑solid line, calculated by PY closure͒. Due to the depletion effect introduced by the presence of the second smaller phase ͑ 2 = 0.23, R 2 / R 1 = 0.2͒, the interaction peaks of the corresponding structure factors calculated from both approximations are found to shift to the higher Q region in comparison with those of the HS case. However, probably due to the neglect of b͑r͒ which causes the loss of higher order correlation and the expansion of the closure equation of Eq. ͑10͒, the PY approach is seen to underestimate the low angle coherent scattering, in comparison with the more rigorous numerical scheme. Moreover, as shown in the inset, for the S 11 ͑Q͒ calculated by the PY model, an artificial decrease presenting in the low-Q region is clearly revealed. The underestimation of the short-range attraction by the PY closure can be further visualized by the corresponding G͑z͒ presented in Fig. 13 with the diminished short-range correlation. Fig. 12 , the PY closure is seen to underestimate the short-range correlation due to the underestimation of the short-range attraction.
